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Abstract. We show that the absolute numerical index of the space L p (fi) is p pq i (where 1/p+l/q = 1). 
In other words, we prove that 

sup jy |x| p-1 |Ta;|<i/i : x g L p {n), \\x\\ p = lj > p~pq~v \\T\\ 

for every T £ C(L p (fi)) and that this inequality is the best possible when the dimension of L p (fi) is greater 
than one. We also give lower bounds for the best constant of equivalence between the numerical radius and 
the operator norm in L p (/i) for atomless p. when restricting to rank-one operators or narrow operators. 



1. Introduction and preliminaries 

Let X be a real or complex Banach space. Following the standard notation, by Bx, Sx, X* and C(X) 
we denote the closed unit ball, the unit sphere, the dual space, and the space of all bounded linear operators 
on X respectively. We write T for the unit sphere of the base field R or C. The numerical radius of an 
operator T G C{X) is a semi-norm defined as 

v(T) — sup||x*(Ta;)| : x G Sx, x* G Sx*, x*{x) = l|, 

which is obviously smaller or equal than the operator norm. The numerical index of the space X is the 
constant 

n{X)=w£{v(T) : T G C(X), \\T\\ = l}, 
equivalently, n(X) is the maximum of those k ^ such that k\\T\\ ^ v(T) for every T G C(X). This notion 
was introduced and studied in the 1970 paper [3], see also the monographs [3J [3] and the survey paper [S] 
for background. Obviously, ^ n(X) ^ 1, n(X) > means that the numerical radius is a norm on C{X) 
equivalent to the operator norm and n{X) = 1 if and only if numerical radius and operator norm coincide. 
It is also not hard to see that n(X*) ^ n(X), being the reversed inequality false in general (see [5J §2] for a 
detailed account). There are lots of spaces with numerical index 1 (among classical ones, for instance, Li(/i) 
and C(K)), and some attractive open problems on them [S]. It is interesting to remark that the numerical 
index behaves differently in the real and in the complex cases. So, for every complex Banach space one has 
that n(X) 1/e (and the inequality is the best possible), nevertheless, n(X) = for some real Banach 
spaces X as £2 or, more in general, for every Hilbert space of dimension greater than 1. 

The number of Banach spaces whose numerical index is known is small (see [9J §1] for a recent account) 
and, therefore, there are many interesting open problems consisting in calculating, or at least estimating, 
the numerical index of concrete Banach spaces. Among classical spaces, one of the most intriguing open 
problems is to calculate n(L p ([x)) for 1 < p < 00, p ^ 2. Let us fix the notation and terminology on L p 
spaces. Let (f2, E, fi) be any measure space and 1 < p < 00. We write L p (fj,) for the real or complex Banach 
space of (equivalent classes of) measurable scalar functions x defined on fl such that 



\\x\\ p =( / \x\*dii) <oo. 
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We use the notation £™ for the m-dimensional L p -space. We write q = p/(p — 1) for the conjugate exponent 
to p. For any x £ L p (/x), we denote 



x 



^ \ \x\ p sign(x) in the real case, 



I \x\ p 1 sign(x) in the complex case, 
which is the unique element in L q (p) = L p (p)* such that 



n* = \\x#\\ q q and [ xx# dn = \\x\\ p \\x*\\ q = \\x\\ 



V 



Observe that, with this notation, one has 

x £ S LM 



v(T) = sup | J x^Txd/i 



for every T £ £(L p (/i)). Finally, we consider the constants 

(1) Mi -^\t p - 1 -t\_^Jt^-t\ 

(which is the numerical ra< 
Lemma 2] for instance) and 

r p_1 ill 

(2) k p = max = max A « (1 — A) p 



te[o,i] 1 + tP t>i l + P> 
(which is the numerical radius of the operator T(x, y) — {—y, x) defined on the real space £p, see [111 



r>o 1 + t'p Ae[o,i] pi/PqVi 

(which is the numerical radius of the operator T(x,y) = (y, 0) defined on the real or complex space £p, see 
[TT1 Lemma 2] for instance). 

It has been proved recently that, fixed p, all infinite-dimensional L p (p,) spaces have the same numerical 
index O [7] (see also [13] for a different approach) and that n(L p (/i)) > for p ^ 2 in the real case |12| . 
On the way to state the last result, the authors of [12] introduced the so-called absolute numerical radius of 
an operator on a L p (/i)-space as follows. Given a measure space (f2, S,/i), 1 < p < oo and T £ £(L p (/i)), 
the absolute numerical radius of T is the number 

\v\{T) = sup {\x*\{\Tx\) dfi : x S S LpM , x* € S LpM *, x*(x) = 1} 

= sup |y |x # Ta;| d/^ : a; <E Sx p ( M) j = sup |Tx| dfi : x £ 5 , l p (/j) 

It is clear that |u| is a seminorm on C(L p (fi)) satisfying 

v(T) < M(T) < ||T|| (T£%W)). 

In |12] it is shown that n(L p (fi)) is positive by proving that both inequalities above can be reversed up to a 
positive constant. Namely, it is shown that 

J-||T|KH(T) and ^H(T)<«(T) 

for every T £ C{L P {^)), giving n(L p ((j,)) ^ ^ > 0. 

For notational convenience, we introduce the definition of the absolute numerical index of L p (/i) as the 
number 

\n\(L p (ri)=M{\v\(T) : T e £(L p (fj.)), \\T\\ = 1} 

= maxjfc Ss : fc||T|| |u|(T) VT e £(L p (/z))} 

and the aforementioned result of |12) just says that |n|(L p (/i)) Our first goal in this paper is to 

calculate the exact value of n|(L p (/x)), namely, \n\(L p (fi)) = n p (if the dimension of £ p (/Lt) is greater than 
one) in both the real and the complex case. In other words, we will prove that, 

supjy Ixp-^TxId/x : xeL P (n), \\x\\ p = l| > Kp ||T|| 
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for every T £ C(L p (fi)) and that this inequality is the best possible when the dimension of L p (fi) is greater 
than one. As a corollary, we get an improvement of the estimation of n(L p ((i)) obtained in |12j . Namely, in 
the real case, we get 



n(L p ( P )) > ^p. 



In other words, in the real case, 



Bupj|y \x\r- 1 sign(x) Txdfi\ : x £ i p (/i), \\x\\ p = l\ > ||T|| 
for every T £ C(L p (fj,)), 

Next, we study numerical radius of rank-one operators on L p {fi). For notational convenience again, we 
define the rank-one numerical index of an arbitrary Banach space X as the number 

ni(X) = w£{v(T) : TeC(X), ||T|| = 1, T rank-one} 

= max{fc ^ : fc||T|| v(T) VT 6 £(X) rank-one}. 

Our results state that for every atomless measure /x, 

m(L p (n)) > 

in both the real and the complex cases. This result is not sharp for values of p close to 2 as, for instance, 
ni(Z/2(M)) = 5 if the dimension of L2(fi) is greater than 1. On the other hand, the estimation for ni(L p (/j,)) 
tends to 1 as p — > 1 or p — ¥ oo. 

Finally, the last part of the paper is devoted to study numerical radius of the so-called narrow operators 
on L p (fi) when the measure fi is atomless and finite (a class of operators containing compact operators, see 
section 2] for the definition and background). Defining the narrow numerical index of L p (fj,) as 

n nal (L p {fj,)) = inf{«(T) : T £ C(L p (ji)), \\T\\ = 1, T narrow} 

= max{fc ^ : fc||T|| < v(T) VT £ C(L p (ji)) narrow}, 



we prove that 



K V T P ~ — T 



n nal (L p (ijL)) ^ k 1 in the complex case, n naI (L p (fj,)) ^ max— in the real case. 

Notice that the inequality for the real case gives a positive estimate for 1 < p < oo (p ^ 2) which tends to 1 
as p —> 1 or p — > oo. 

The outline of the paper is as follows. Section[5]is devoted to show that \n\(L p (fi)) — n p . The results on 
rank-one operators appear in section [3] and the results on narrow operators are contained in section 2J 

We recall some lattice notation which we will use in the paper. We refer the reader to [T] for abundant 
information on lattices and positive operators. Let E be a Banach lattice. For any subset F C E we write 
F + = {x 6 F : x ^ 0}. For two elements x,y £ E, by x V y (resp. x A y) we denote the least upper bound 
(resp. greatest lower bound) in E of the two-point set {x,y}, if it exists. A linear operator T : E — > E is 
called positive provided T(E + ) C E + , or, in other words, if it sends positive elements to positive elements. 
An element y £ E is called a component of x £ E if \y\ A \x — y\ =0. In this case we write y C x. Let z £ E. 
An element x £ E is called a z-step function if x = X^feLi a fc z fc f° r some components (zfc) of z. 

Let (f2,S,/x) be a measure space. On the real space Lo(a*) °f a U (equivalence classes of) S-measurable 
functions, we consider the ordering x ^ y if and only if x(i) ^ y(t) for almost all t £ 57. For two functions 
x,y £ Lo, x\/ y (resp. x Ay) is equal to the point-wise maximum (resp. minimum) of these functions. For 
any x £ £o(m) arL d i £ S we denote xa = xIa where 1a is the characteristic function of A. The expression 
A = B U C for sets A, B, C £ £ means that A = B U C and B n C = 0. If E is a sublattice of L (m) and 
x,y £ E then y C a; if and only if y — x 1a for some A £ E and a 1-step function is just a simple function 
and a z-step function is the product of z by a simple function. In particular, li x 1 z £ E are simple (= finite 
valued) functions with z and supp x C supp z then x is a z-step function. 
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2. The absolute numerical index of L p {p) 

The main aim of this section is to calculate the absolute numerical index of the L p spaces, as shown in 
the following result. 

Theorem 2.1. Let 1 < p < oo and let fi be a positive measure such that dim(L p (/i)) ^ 2. Then, 

\n\{L P {v)) = k p - 

It is immediate to check that for positive operators on L p (p), the numerical radius and the absolute 
numerical radius coincide. Therefore, the following result is a consequence of the above theorem. We state 
here its proof since it is simple and useful to get a better understanding of the proof of Theorem 12.11 

Proposition 2.2. Let 1 < p < oo and (SI, E,/x) be a measure space. Then, for every positive operator 
T G C(L p (fi)) one has 

v(T) > n p \\T\\ . 

Proof. Let T € C(L p (fi)) be positive with ||T|| = 1, fix e > 0, and take x e S Lp ^) so that ||Tir|| p > (1 - e) 
and x ^ (observe that x can be taken positive because T\x\ ^ \Tx\ due to the positivity of T). Next, fix 
any r > 0, set 

y = x V tTx and A = {lo G SI : x{uj) ^ t(Tx)(lu)}, 

and observe that 

\\y\\ p = [ x p d f i + [ (rTxf dfj, sC 1 + t p and y* = x^ 1 V (tTx) 1 " 1 . 
J a Jn\A 

This, together with the positivity of T, allows us to write 

v(T) > TT-n- / V*Tydu ^ — - — / y*Tydu 
\\y\\ p Jn 1 + Wn 

^ / (tTx) p ~ 1 Tx dpL = / (Tx) p d^ ^ (1 - e) 

for every r > 0. Taking supremum on r > and e > 0, we deduce that v (T) ^ k p , as desired. □ 

The proof of Theorem 12 . 1 1 depends on the base scalar field. In the real case it needs some auxiliary results 
which we state here. They carry the main idea for the best possible estimation of the absolute numerical 
radius in the real case and allow us to apply positivity arguments to any operator as it has been done in the 
proof of Proposition 12.21 

Lemma 2.3. Let E be a vector lattice, z G E + , and x G E a z-step function with \x\ ^ z. Then there exist 
n G N, Xj G [0, 1] , and yj G E with \yj \ = z for j = 1, . . . , n such that Y^j=i = 1 an d 

x = Xiyi H h X n y n . 

Proof. Let x = ^2T=i a k z k with G R and z^ □ z, and use induction on m. Observe that the hypothesis 
\x\ ^ z implies that |etfc| ^ 1 for every k = 1, . . . , m. For m — 1, one trivially has that x = 1+ ^ L1 z%+ 1 ^ ai (— Zi). 
For the induction step assume that the assertion is true for a given m G N and suppose that x = ^fc^ 1 a^zu 
where Zk E z and \a^\ *S 1 for k = 1, . . . , m + 1. Then for x — ^2k=i a k z k and z = z — z m+ \ G E + we have 
that Zk E z for k — l,...,m. By the induction assumption there are no G N, A^ G [0, 1], and yj G E with 
= z for j = 1, . . . ,no such that Y^j=i = 1 an< ^ ® = Myi + ' ' ' + ^noVno- Then set A = 1+a ™+ 1 and 
observe that 

x = x + a m+1 z m+ i = X(x + z m+ i) + (1 - X)(x - z m+ i) 
= X(Xiyi H h X na y na + z m+1 ) + (1 - X)(X 1 y 1 H h A„ y no - z m+ \) 

= X[Xi(yi + z m+ i) H h A„ (y„ + z m+1 )\ + (1 - A)(Ai(yi - z m+ i) H h X no (y no - z m+1 )\. 



ON THE NUMERICAL RADIUS OF OPERATORS IN LEBESGUE SPACES 



5 



Finally, take n — 2uq and 

Xj = XXj, yj = y. 3 + z m+ i for j = 1, . . . , n and 

Xj = (1 - X)X 3 , y 3 = yj - z m+ i for j = n + 1, . . . , 2n 

which fulfill the desired conditions. □ 

Corollary 2.4. Let E be a vector lattice, f a positive linear functional on E, T : E — > E a linear operator, 
z G E + , and x G E a z-step function with \x\ ^ z. Then, there exists y G E satisfying \y\ = z and 
f(\Ty\)Zf(\Tx\). 

Proof. By Lemma [2.31 there are n G N, Xj G [0,1], and yj G E with \yj\ = z for j = 1, ...,n such that 
Y]j—i Xj = 1 and x = Aij/i + • • • + X n y n . Then we can write 

f(\Tx\) ^ /(Ai|T W | + • • • + A„|Ty tt |) = Ai/(|T W |) + ■ • • + A„/(|Ty„|) 

and so, f(\T yj \) ^ f(\Tx\) for some j. □ 

Corollary 2.5. Lei E be a sublattice of Lo(/j,) for some measure space (f2, E, fi) in which the set of all simple 
functions is dense, f G (E*) + , T G C{E), e > 0, z G E + and x G E such that \x\ ^ z. Then there exists 
y G E satisfying \y\ — z and /(|Ty|) ^ /(|Tx|) — e. 

Proof. It follows immediately from Corollary 12.41 and the continuity of /, • |, and T. □ 

We are ready to prove the main result. 

Proof of Theorem \2. 1\ To prove that |n|(L p (/i)) < p- 1 /'Pq- 1 /q j it suffices to construct a norm one operator 
T G C(L p (fi)) with \v\(T Q ) ^ p- 1 / p q~ 1 / q . Indeed, we pick disjoint sets with < ^(A),fi(B) < oo 

(this is possible since dim(I/ p (/z)) ^ 2) and define To G £(L p (/z)) by 

(3) T x = fi(A)~ 1/q n(By 1/p x d/^ 1 B (z G L P ( M )) • 

It is easy to check that ||To|| = 1. Now we show that |w|(To) ^ n p . Given any x G Sl/^, we set 

A= \\xb\\ p = I \x\ p d^ 
Jb 

and observe that 



Thus, 



\\x a \\p= f |af 1-A. 
Ja 



/ \x\ p - 1 \T x\d t ,= [ Ixr'lslToxldv^ ( [ Ix^-V" dti) q ( [ 
Jn Jn \jb / \Jn 



1/9 / r \ i/p 

Tqx\ p d/i 



\ /q f 

x\ p dA U(A)- p / q fj,(B) 
«c X 1/q (a{A)- p ' q ( K J \x\ d^ P 



x d\i 



t/i> 



< A 1 / 9 ^{A)- p / q ^{A) p l q \\x A \\ p ) 1/P < A x /*(1 - A)Vp <; Kp . 

Now, we take supremum with x G Sl p ^) to get u|(To) ^ k p as desired. 

For the more interesting converse inequality, fix T G £(L p (/i)) with ||T|| = 1, e > 0, and r > 0, choose 
x G S^pO) so that ||Ta;||P ^ 1 — e, and set 

A={ueS! : |x(w)| ^ t|(Tx)(w)|} and B = fi\A 

We split the rest of the proof depending on the base scalar field. 
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• Real case. Using Corollary 12.51 for x, z — \x\a + t\Tx\b, arid f(u) = / \Tx\ p ~ 1 u do. (u G L p (fi)), choose 

Jn 

y G L p (fi) satisfying \y\ — z and /(|Ty|) ^ f(\Tx\) — e. Then 

||yf=||*f<l+7* and |y| > -r|Tar|, 

and therefore, we can write 



Men > 



V* T ( !/ 



y\\ 



djjL = 



1 



h\\ p Jn 



1 + rP 



rP- 1 
1 + rP 



rP" 1 



irxl^^Txl d^i - e) > (1 - 2e) 



1 + rP 



for every r > 0. Finally, the arbitrariness of e > gives |u|(T) ^ max J, and so \n\(L p (n)) ^ k p . 

T>0 

• Complex case. Since \x\ < t\Tx\ on _B, it is possible to find measurable functions 9i,02 ■ B — > C such 
that 

x{w) = \e x {w) + \e^{u) and \6 j {u)\=T\{Tx){w)\ (u G B, j = 1,2). 



2\l/2 



,MI 2 ) 1/2 



Indeed, for lj E B define 

01 (w) = sign(x(w)) (|xH| + i (t 2 \{Tx)(uj)\ 

9 2 (u)=sign(x(u;)) (\x(w)\ - i (t 2 \(Tx)(lu)\ 
if x(uj) ^ and 6 r (ui) = 1, 2 (w) = -1 if = 0. Then define 

y j =x A + 9 j (i = l,2) 
where 0j = 0j on _B and 0j = on A, and observe that 

x= l - Vl + l -y 2 , + and \y 3 \ = \x\ A + \9 3 \> t\Tx\. 

Therefore, we can write 



rP' 1 
1 + rP 

rP- 1 
1 + rP 



i 



rP" 1 
1 + tP 



T & 1 + ^ 2 



\Tx\ p d/j, > 



rP" 1 

1 + TP 



(1-e) 



for every r > 0. The arbitrariness of e gives us that H(T) ^ max J, p and hence |n|(i p (/i)) ^ k p which 

T>0 



finishes the proof. 



□ 



We can use Theorem 12.11 together with [T^l Theorem 1] to improve the estimation of n(L p (fj,)) given for 
the real case in |121 Corollary 3]. 

Corollary 2.6. Let 1 < p < oo and fi a positive mesure. Then, in the real case, one has 

n{LM) > . 

Remark 2.7. From the proof of Theorem \2.1\ we deduce that k p is also the best constant of equivalence 
between the norm and the numerical radius for positive operators (i.e. the inequality in Proposition \2.2\ is 
the best possible). This is because the operator defined on Equation [3] is clearly positive. 
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3. The numerical radius of rank-one operators on L p (h) 

This section is devoted to estimate the numerical radius of rank-one operators on L p ([i) for atomlcss 
measures \i. 

Theorem 3.1. Let (f2, E, \x) be an atomless measure space. Then for 1 < p < oo one has 

k p ^ m(L p {n)) ^ Kp . 

We need the following easy observation. 

Remark 3.2. Let (f2, E, /i) be an atomless measure space and let fi, . . . ,f n be simple functions on 57. Then, 
given any A G [0, 1], there exists a partition O = A U B into measurable subsets such that 

/ fjdfJ, = X fj dpi and / fj dfi = (1 - A) / fj dji 
J a Jn Jb Jn 

for every j = 1, . . . , n. To see that this is true, let Co, Ci, . . . , C m be a partition of SI with < /i(Cfc) < oo 
for fc = 1, . . . , m, such that all the functions fi,-..,f n are null on Co and constant on every C&. Then, for 
each k = 1, . . . ,m, take A fe , B t eS satisfying C fc = A fc U B fe , = A/i(C fc ), and /x(S fe ) = (1 - X)/j,(C k ), 

and observe that the sets given by 

m m 

A = C U |J A k and 5 = |J B k 

k=l k=l 

form the desired partition of 51. 



Proof of Theorem \3.1\ The first inequality follows from the fact that in the proof of Theorem 12.11 it is 
constructed a positive and rank-one operator To (see (O) such that ||To|| = 1 and v(Tq) = |w|(To) ^ k p . 
Therefore, n\(L p (u)) ^ n p . 

We now prove the more interesting second inequality. Let T G C(L p (/i)) be a rank-one operator with 
norm one, that is, 



Tz 



(^J x*zdf?jy (z G L p (fi)) 



for some fixed x, y G <Sl p (p)- Without loss of generality, we may and do assume that x, y are simple functions. 
Fix t > 0, A G [0, 1] and set 



= sign x^ydfij G T and S = 

Using Remark 13.21 choose a partition Jl = A U B so that 

(4) / x*ydfx = \ [ x*ydfi = X6S, 

J a Jn 

/ x#yd[i={l — A) / x*yd[i = (1 - A)6><5, and 
Js in 



I hp || hp \ 
\xa\\ = Wvau = A, 



I IIP II IIP 1 \ 
\xb\\ = \\yB\\ = 1 - A. 



Then define z = A p xa + 0{1 — A) ptj/b and observe that 

||*||" - \- l \\x A \\ P + (1 - A)- Vljysf = 1 + 7* 

Therefore, we can write 



(5) 



T 



\\z*\\ \\\z\ 



dfi 



INI* 



/ z*Tzdfi = — — - / i # z^ / 
Jn 1 + r Jn Jn 



z^y dp, 
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Besides, using the fact that (u 



v# for disjointly supported elements u,v G L p (fi) , it is clear 



that z& = A i x\ + 9(1 — A) « t p x y%. Using this and ((3]) it is easy to check that 



and 



z#y d/i 



A p / x^x d/i + 9(1 — A) "T / x&yd/i 
J A Jb 

\-p\ + 8(l - A)~~*t(1 - \)95 = A« + (1 - X)«t5 ^ A« 
A~^ / x#ydfi + 9(1 - A)~«t p_1 / 



= + 8(1 — A)~«t p ~ 1 (1 — A) = Ap<5 + (1 - A) pt p_1 

^ (l-A)pr^ 1 . 
This, together with ([5]), tells us that 



v(T) > A?(l- A)* 



1 

p-i 



for every t > and every A G [0, 1]. Finally, since max l +TP — max^ A' (1 — A)* = k p , one obtains that 



Ae[o,i] 



v(T) which finishes the proof. 



□ 



p 



Note that for p — > 1 and p — » oo this gives the best possible estimation of the order of ni(L p (/j,)) because 
1. Nevertheless, for p — 2 one has k 2 , — 1/4, while the best estimation is 1/2, as the following easy 



result shows. 

Proposition 3.3. Let H be a real Hilbert space of dimension greater than one. Then n\(H) = i. 

Proof. We fix a rank-one operator T G L(H) with ||T|| = 1. Then, T has the form Tx = (x | x±)x2 for 
some elements xi,X2 G Sh- If |(xi | X2)\ — 1 then v(T) ^ \(Tx± \ xi)\ = 1 and we are done. If otherwise 
\(xi | x 2 )\ < 1, take x = ^[Xexlw e Sh for 8 G {— 1, 1} and observe that 



v(T)>\(Tx\x)\ 



(xx + 8x 2 I X\) (x 2 I X\ + 8x 2 ) 



X\ + 8x 2 1 

2 



[l+8(x 2 In)] 



8x2 



[l + 8(x 2 \x l )\ 



< 2[l + 9(x 2 



Xi 



l + 8(x 2 I Xl) 



By just choosing the suitable 9 G { — 1, 1} one obtains v(T) ^ 1/2 and so n\(H) |. 

For the converse inequality, observe that if we take x±,X2 orthogonal, then for each x G Sh one has that 
(x I xi) 2 + (x I X2) 2 ^ 1 and, therefore, 



\(Tx\x)\ = \(x\ Xl )\\(x\x 2 )\ = 
which implies v(T) ^ ^ and so ni(H) ^ ^ 



(x I xi) 2 + (x I a; 2 ) 5 



1^)1-1(^1^)1 



2 / 1 



□ 



4. The numerical radius of narrow operators 



In Section [3] we obtained an estimate for the numerical radius of rank-one operators in L p (//), it is natural 
to ask if it is possible to obtain a similar estimate for finite-rank operators. The aim of this section is to prove 
that it is so. In fact, we will do the work for the wider class of narrow operators. Let us recall the relevant 
definitions. An operator T G C(E, X) on a (real or complex) Kothe function space E on a finite measure 
space (fi, E, /i) acting to a Banach space X is narrow if for each A G £ and each e > there is an x G E 

such that x 2 — 1a, / xdfi — and ||Ta;|| < e. The conditions x 2 
Jq 



la- 



x d[i = mean that there exists 
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a decomposition A = A + UA~ into sets of equal measure with x = 1^+ — 1^ . This concept was introduced 
in [TS] and developed in some other papers [El HUE] (see also the expository paper [H>]). Note that if A G £ 
is an atom then TIa = for any narrow operator T € C(E,X), thus, the notion of narrow operator is 
nontrivial only for atomless measure spaces (SI, For a more general consideration of narrow operators 

we refer the reader to [2]. If the norm of E is absolutely continuous, then for every Banach space X every 
compact (AAf-compact, Dunford-Pettis. . . ) operator T G C(E,X) is narrow [i"4"lll5| . For E = L p (fi) this is 
easy to see using the technique of the Rademacher system. Indeed, consider any Rademacher system (r n ) on 
A [15) . Since (r„) is a weakly null sequence, we have that ||Tr n || — > as n — » oo. However, the converse is 
not true: there exists a narrow projection P G C(L p [0, 1]) of norm one onto a subspace of L p [0, 1] isometric 
to L P [0,1] [H]. 

Our estimate for the numerical radius of narrow operators in L p (p) depends on the base scalar field. For 
the complex case we obtain the same estimate as we did for rank-one operators. 

Theorem 4.1. Let (Sl,£,/x) be an atomless finite measure space. Then, for every 1 < p < oo one has 

k t p ~ x — T 

n na , T {L p (ii)) ^ tit in the complex case, n nav (L p (p?j) ^ max — in the real case. 

Notice that the inequality for the real case gives a positive estimate for 1 < p < oo (p ^ 2) which tends 
to 1 as p — > 1 or p —> oo. 

To prove this result we need the following lemmas which suggest that a narrow operator behaves almost 
as a rank-one operator when it is restricted to a suitable finite dimensional subspace of arbitrarily large 
dimension. 

Lemma 4.2. Let (SI, S, /i) be an atomless finite measure space, 1 ^ p < oo, T G C(L p (/i)) a narrow operator, 
x G L p (fi) a simple function, Tx — y, and SI = D\ U . . . U Di any partition and e > 0. Then there exists a 
partition SI = A U B such that 

(o Hauir= iixBir=2- i nxiip. 

(it) /J,(Dj n A) = )J,{Dj n B) = \n(Dj) for each j = 1, . . . ,£. 
(Hi) \\Txa — 2 1 2/ 1 1 < £ an d \\Txb — 2~ 1 ?/|| < £■ 

m 

Proof. Let x = afclc fc f° r some aj, e K and SI = C\ U . . . U C m . For each k = 1, . . . , m and j — 1, . . . , £ 

fe=i 

define sets Ek,j = Ck H Dj and, using the definition of narrow operator, choose Ukj G L p (n) so that 

f 2e 
u k,j = 1 E k , J , J^Ukj d[i = 0, and \a k \\\Tu k:J \\ < — . 

Then set 

Kj = i te E ^ u w(*) > 0}, E- 3 = E kJ \ E+ d 
which satisfy fi(E^j) = fi(E^j) = ^fi(Ek.j), and define 

ml ml 

fe=ij=i fe=ii=i 
Let us show that the partition SI = A U B has the desired properties. Indeed, observe that 

m £ m £ m 1 

\\*4 P = E E kP>(^) = E m p E 2^*^) = 2 E i^Mc fe ) = 2 ii^ir 

fc=lj'=l fc=l 3=1 fe=l 

and that one obviously has = ||a; y i|| P , thus (i) is proved. 

Since E^ ■ C Ef.j C Dj, for each jo S {1, . . . ,£} we have that 

m £ m 

^nA=UU(^ n ^-) = U^o 

/c=ij=i /c=i 
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and hence 

m ^ m ^ m ^ 

»(D j0 n A) = K E tJ = 2 E = 2 E n D i0 ) = -m(^o). 

fc=l fe=l fe=l 

Analogously it is proved that /i(-Dj fl-B) = ^n(Dj) for every j e {1, . . .,£} which finishes (ii). To prove (Hi) 
observe that 

m t 



x A - x B 



EE^O 

fc=i j=i 



^ ■ 



E E afcUfc .j 
fc=i j=i 



and hence, 



T(^-a; B )| <5ZEi afe IH Tufc .ill <2e - 

k=l j=l 



Therefore, one has that 



Tx A - -^y 



2Txa — Txa — Txi 



T(x A - x B \ 



< e. 



Analogously, one obtains 



Tx B - -y 



< e finishing the proof of (m). 



□ 



Lemma 4.3. Let (Q, S, [i) be an atomless finite measure space, 1 ^ p < oo, let T € £(L p (fi)) be a narrow 
operator, and let x,y € L p (/i) be simple functions such that Tx — y. Then for each n£N and e > there 
exists a partition fi = A\ U . . . U Ain such that for each k = 1, . . . , 2" one has 



(1) 

(2) 
(3) 



i^lr = 2-"||zf. 
2M fc f =2-«[|yp. 
Tx Afc - 2-"y|| < e. 



Proof. Let y = bjlo- for some 6.,- G K and fi = Di U . . . U We proceed by induction on n. Suppose 

3=1 

first that n = 1 and use Lemma T4.2I to find a partition il = A U £> satisfying properties (i) — (Hi). Then (i) 
and (in) mean (1) and (3) for A\ = A, Ai = B. Besides, observe that (2) follows from (ii): 



£ £ 



3 = 1 



3 = 1 



and analogously ||y J 4 2 || p = 2 1 ||j/|| p . 

For the induction step suppose that the statement of the lemma is true for n € N and find a partition 
ft = A\ U . . . U such that for every k = 1, . . . , 2" the following hold: 



(6) 



FA* 



- 9-™IIt-IIP 



i^jr = 2-"|| 2/ iif 



and 



Then, for each k = 1, . . . , 2 n use Lemma T4. 21 for instead of x, Tir^,. instead of y, the decomposition 



fc=lj=l 

instead of O = L>i U . . . U Di and | instead of e, and find a partition f2 = A(fc) U B(k) satisfying properties 
(i) — (Hi). Namely, for each k = 1, . . . , 2™ we have that: 

r-\ II hp ii iip — 1 1 1 iip 

W |F(A fc nA(fe))|| - \\X(A k nB(k))\\ = 4 \\ x A k \\ ■ 

(ii) n(Dj n A k n A(k)) = n(Dj C\A k C\ B(k)) = \n(D 3 n A k ) for each j = 1, . . . ,£. 

(Hi) \\Tx (AknA{k)) -2~ 1 TxA k \\ < § and \\Tx iAknB{k)) ~2- 1 Tx Ak \\ < §. 
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Let us show that the partition 

n=(A 1 n A(i)) u...u (A 2 n n ,4(2")) u (A 1 n fl(i)) u . . . u (A 2 n n B(2 n )) 

has the desired properties for n + 1 : 
Property (1): using (i) and ©, one obtains 

II IIP II IIP o-lll IIP o-di+Dll IIP 

\\X(A k nA(k))\\ = \\x(A h nB(k))\\ =2 \\XA k \\ =2 ^ + >\\x\\ p . 

Property (2): for each k = 1, . . . , 2" use (ii) and ([5]) to obtain 

l l 

\\y( Ak nA(k))\\ P = E NM^- n A fe nA(fc)) = iQ^^n^) = |||y^ fc |r = 2- {n+1) h\\ p 

and analogously Hs/^nB) || P = 2" (n+1) \\y\\ p . 

Property (3): for each k = 1, . . . , 2 n use (in) and © to write 

1 



Tx {AknA{k)) - 2 ^ Tx [AknA{k)] - 2 ^au* 



Tx Afc - 2~ n y 



e e 
<2 + 2 



and analogously 



Tx (AknBm - 2-("+ 1 )y 



< e, which completes the proof. 



□ 



a narrow 



Lemma 4.4. Let (Sl,£,/x) 6e an atomless finite measure space, 1 ^ p < oo, let T G C(L p (fi)) be 
operator, and let x,y € L p {ijl) be simple functions such that Tx — y. Then for each neN, each number A 
- where j S {1, . . . , 2™ — 1} and eac/i e > t/iere exists a partition SI = A U £> suc/i i/iai: 



o/ £/ie /orm A 



(A) 
(B) 
(C) 



r=Aw. 

r = (l-A)||yf. 



x A 

VB 

Tx A — Ay II < e. 



Proof. Use Lemma [4.31 to choose a partition SI = At U . . . U satisfying properties (1) — (3) with e/j 
instead of e. Then, setting 

3 2™ 
^=^4 and B= \_\ A k , 

k=l k=j+l 



one obtains 



M p = EIK ir - E 2 ~"iNi p = A ii^n p ' 

fc=l fe=l 

2" 2" 

Ml p = E IWI p = E 2-"i| y r = (i-A)iiyf, 

fc=j'+l k=j + l 



and 



as desired. 



IriA - Ay|| = |E T ^ - E 2 ~ n y\ < EII T ^ - 2 ~"HI < ^ = £ 



fc=l 



fc=l 



fe=l 



□ 



Proof of Theorem \4-l\ Let T G C(L p (fj,)) be a narrow operator of norm one. Fix £>0,T>0,n€N 
and A G]0, 1[ of the form A = ^ where j € {1, . . . , 2™ — 1}. Pick a simple function x € ( M ) so that 
i/ = satisfies ||y||P ^ 1 — e. Without loss of generality we may assume that y is a simple function 
since one can approximate T by a sequence of narrow operators with the desired property (indeed, take a 
sequence of simple functions (y m ) converging to y and define T m = T — x# (g> (y — y m ). Then, T m (x) — y m , 
\\T m — T\\ ^ \\y — y m \\, and T m is narrow for every m € N since it is the sum of a rank-one operator and a 
narrow one |15l Proposition 6 on p. 59]). 
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Use Lemma 14.41 to find a partition — A U B satisfying (A)-(C) and use (B) and (C) to obtain the 
following estimate: 



(7) 



y#Tx A dfi-\(l-\)\\y\\ p 



/ y*Tx A dfi- X y*y d\i 
J b Jb 



^ \\Txa - Xy\\ < e . 



Then for 9 € T define zg = X px a + 9(1 — A) ptj/b and observe, using (A) and (B) of Lemma T4.41 that 

H^f = A^H^f + (1 - A)"V \\y B \\ P < 1 + t*. 

Besides, using the fact that (u + = u# + v& for disjointly supported elements u, v S L p (n), it is clear 
that zf = A"«s* + 9(1 — X)~ « T v l y%- Using this and (0 we can write 



(8) (1 + t p )v(T) ^ max 

0ST 



max 

eel 



zfTzg dfi 



A" 1 



^ max 



^ max 

06T 



^ max 



/ x*Tx A dfi + 9X^^(1 - X)-?t / x*Ty B dfi 

J A J A 

+ 9X-p(\- xy^rP- 1 [ y*Tx A d^ + (l-Xy l T p [ y*Ty B d[i 
Jb Jb 

X- 1 I x*Tx A d f i + (1 - Xy 1 ^ I y*Ty B dn + 0X~«(l- \y»T [ x*Ty B dfi 
J a Jb J a 



I A 
— 1 



+ 6'At(l-A)V- 1 || 2 /f 



a^p(i - xy*T 



,#Tx A dfi-X(l-X)\\y\\ p 



1 / x*Tx A d[i+ (1 - A)~V / y # Ty B d/i + 6>A~i(l-A)~PT / x*Ty B dfi 
J a Jb J a 



+ 9X L yi-X)?T p - 1 \\y\\ p 



-x-pii-xy^p-y 



ex 



«(1-Xyh [ x*Ty B dfi + 9X? (1 - A) p t p_1 ||y 

J A 



- rp-y. 



From this point we study the real and the complex case separately. For the complex case, we continue the 
estimation in ([5]) as follows 



(1 + t p )v(T) ^ max 

6>6T 



ex 



«(1-Xyh [ x*Ty B d^ + 9X? (1 - A) ? t p_1 | 

J A 



rp-y 



X i (1 — A) pt J x*Ty B dfi 

A 



rp-y 



A*(l - A)5 



T p~y 



>x-yi~xyTP-y y \\p 

> A*(l - A)pt p_1 (1 - e) - T p_1 e. 
By the arbitrariness of e we can write 

v(T) ^ Xi(l - X)p 



1+T'P 



for every t > and every A G]0, 1[ of the form A = where j 6 {1, . . . , 2™ — 1}. Since the diadic numbers 
are dense in [0, 1] and max A?(l - A)p = k p = max ^ p , the last inequality implies v(T) > which 

finishes the proof in the complex case. 



In the real case, using (A) and (B) of Lemma l4~4l it is easy to check that 



X-*(l - X)-pt 



x*Ty B d[i 



< A"t(l - X)-vT\x* A \hj B \ n < A"t(l - X)~t T Xt(l - X)t 
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which, together with ([§} and the choice of y, implies that 

(l + T p )v(T)^ A _ i(l-A)-»r/ %*Tx)b dfJ, + A« (1 — A)pr p_1 ||y|| p 

J A 

■&\*(l-\)*i*- l \\y\\ p -\-*(l-\)-*T / x*Ty B d f i 

J A 

> A« (1 - A)»t" -1 (1 - e) - r - T p - l e. 
Hence, by the arbitrariness of e we deduce that 



tV- x e 



«(T)> 



A*(l - A)?r 



1 + TP 



for every r > and every A s]0, 1[ of the form A = 4^ where j G {1, . . . , 2" — 1}. Taking supremum on A, 



one has 



for each r > 0, completing the proof. 



v(T) > 

V ^ 1 + TP 



□ 



5. Open problems 

Problem 5.1. Calculate the numerical index of £ p (/i) for 1 < p < oo, p / 2. As we commented in 
the introduction, there are some estimations in the real case, but in the complex case the knowledge about 
n(L p (jj,)) is almost negligible. As a conjecture, we think that n(L p (/i)) = M p in the real case and n(L p (fi)) = 
k p in the complex case. 

Problem 5.2. Calculate the rank-one numerical index of L p {n). We conjecture that = k p in 

both the real and the complex cases (if the dimension of L p (fi) is greater than 1). 

Problem 5.3. Is it true that the numerical index of L p (/j,) coincides with n nar (L p (/i)) ? Let us comment 
that for Z — L p ([0, 1],^) on e has n(Z) = nfa) < 1 and n nav (Z) — 1 since Z has the so-called Daugavet 
property. On the other hand, it is not difficult to show that n(£ p ) coincides with the numerical index of 
compact operators on £ p . 



Acknowledgments: The authors would like to thank Rafael Paya and Beata Randrianantoanina for 
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